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Abstract—The introduction of mobile carrier species which react reversibly with the solute species in liquid mem-
brane mass transfer separation devices can give enhanced mass transfer rate. For one-dimensional laminar boundary
layer flow of a Newtonian fluid past a single-membrane separator with equilibrium facilitated transport inside the mem-
brane, the mass transfer rate in the separator was analyzed numerically. For a Damkdhler number equal to infinity, the
effect of maximum facilitation factor, dimensionless equilibrium constant, dimensionless velocity and similarity trans-
formation parameter on the performance of separators was investigated. The dependence of the membrane-fluid inter-
facial concentration and equilibrium facilitation factor on dimensionless velocity and similarity transformation parame-

ter was discussed.
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INTRODUCTION

Laminar flow mass transfer in membrane devices is of consider-
able interest in the areas of dialysis, heavy-metal ion separation,
gas separation and artificial oxygenation [Scott, 1980; Cussler, 1986].
The mass transfer rate attainable in membrane separation devices
is often limited by solute transport through the membrane. The addi-
tion of mobile and reactive carrier species into the membrane, with
which the solute reacts reversibly, is of interest because it can give
increased mass transfer and high selectivity of the solute [Stroeve
and Kim, 1987]. In this technique an organic liquid, immobilized in
the pores of a microporous support, can be used to transfer a solute
between two aqueous solutions. Supported liquid membranes offer
an alternative method for the removal of organic pollutants from
industrial waste streams [Noble and Way, 1987].

Schultz et al. [1974] analyzed the reactive membrane with Dam-
kohler number approaching infinity and zero. Kim and Stroeve [1988]
solved the case for fully developed laminar flow mass transfer in
hollow fiber separation devices containing a reactive membrane
when the Damkohler number for diffusion and reaction of the spe-
cies inside the membrane approaches infinity, i.e., chemical reac-
tion rates are much faster than diffusion rates [Kreuzer and Hoofd,
1987]. In many cases, the assumption of a rapid approach to equi-
librium is far from valid [La force, 1966]. Leu and Strove [1993]
solved the case for fully developed laminar flow mass transfer de-
vices with nonequilibrium facilitated transport hollow fibers. Leu
et al. [1996] calculated the mass transfer in parallel-plate separation
devices with nonequilibrium facilitated reactive membranes. Ward
[1970] studied the steady-state transport of nitric oxide through lig-
uid membranes containing a ferrous chloride solution. He developed
analytical solutions for steady-state nitric oxide flux under two limit-
ing conditions, either reaction-equilibrium, diffusion-limited or reac-
tion-limited transport.
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In this study, we analyzed mass transfer in single-plate reactive
membrane separator devices. The fluid to be treated flows in lami-
nar flow past the single-membrane, and the equilibrium carrier-facili-
tated transport of the solute takes place inside the membrane. A sec-
ond fluid bathes the outside of the single-membrane and removes
the solute. The effects of the reaction and diffusion parameters of
the solid-fluid-membrane system on solute separation are analyzed.

THEORY

A schematic diagram of the system is shown in Fig. 1. A Newto-
nian fluid with the solute to be extracted flows in one-dimensional,
laminar boundary layer flow past a flat plate type membrane sepa-
rator. The extractive single-plate membrane begins at x=0. Just at
this point the concentration of the solute is uniform and equal to
C,.. The solute diffuses through the membrane by carrier-facilitated
transport and then emerges into the second fluid, or dialysate, which
bathes the outside of the membrane. The solute concentration in
the dialysate is assumed to be negligible at all axial positions in the
mass exchanger.

In this study, a reversible equilibrium reaction of the following
form

A+B<>C M
— Momentum boundary layer
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_
Concentration boundary layer
_
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Fig. 1. Cross-section of the mass transfer separator with reactive-
membrane.
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takes place inside the membrane with the kinetics suggested by the
stoichiometry (elementary reaction). Here A is the solute, B is the
carrier, and C is the carrier-solute complex species.

The theoretical analysis starts with the governing mass conser-
vation equation for the solute species and the associated boundary
conditions. Axial diffusion is neglected compared to axial convection.
This assumption is a standard one for this type of problem [Schneider,
1957] and is valid when the Peclet number is greater than one hun-
dred. For flat plate type membrane separation devices with con-
stant free stream velocity, the pressure gradient is zero [Schlichting
and Gersten, 2000]. With steady state assumption the governing
equation and boundary conditions are given by

a_uX + a_ul =0 (2)
ox 0Oy
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uX@C,“ +u,,aCA] =D,46 C;n 4
ox 0y oy~
BC.1 x=0,u~U,, C,=C, ©)
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_ dC,i _
BC4 y=0,D, = k,H(1+F,)C, ®)
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BCS5 y=w,u=U, ©)]
B.C.6 Y=o, C.=C, (10)

Here u, and u, represent the velocities in x and y direction; vis the
kinematic viscosity; C,, is the solute concentration in zone 1; H is
the equilibrium distribution coefficient; D, is the diffusivity of the
solute in zone 1; k, is the membrane mass transfer coefficient for
the solute and F,, is the equilibrium facilitation factor [Stroeve et
al., 1976]. The fourth boundary condition imposes continuity of
flux across the membrane-fluid interface. The right hand side of
the equation accounts for facilitated transport, due to simple Fick-
ian diffusion of the solute and reversible chemical reaction in the
plate wall. The left hand side gives the species flux arriving at the
wall from the lumen of the capillary [Noble, 1983]. The equilibrium
facilitation factor for the reaction given by Eq. (1) can be expressed
by

DsC/K,, (11

“ Dy(1+K,,HC.)
when the concentration at the downstream side of the membrane is
zero [Stroeve et al., 1976]. The total carrier concentration in all forms
(carrier and carrier-solute complex species) is given by Cy, and Dj
is the diffusivity of the carrier or the carrier-complex species. The
equilibrium constant for Eq. (1) is denoted by K., and it is the ratio
of the forward rate constant, k, to the backward rate constant, k.
The prime superscript denotes properties in the membrane. Eq. (11)
makes the common assumption that the diffusivities of the carrier-
solute complex and the carrier species are equal. This is reasonable
because in many carrier-facilitated systems the carrier species mo-
lecular weight is much larger than the solute species. In the case of
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unequal diffusivities, Eq. (11) is somewhat modified, but the de-
pendency on C,, remains unchanged. Consequently, the results in
this study are not affected by the assumption for the diffusivities,
and the mass transfer results in terms of different numerical values
for F,, remain valid.

The following dimensionless variables are introduced

-1 1
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Eqgs. (2)-(9) become the following simultaneous ordinary differen-
tial equations by the similarity transformation

f"!+ﬁ~H=0 (13)
C;"+ScfC;=0 (14)
B.C.1 70, f=0 s
B.C2 10, f= l‘j— Re,=V, (16)
BC3 =0, 4G - M{A/Rex(n a *)CT )
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B.C4 1=, f=1 (18)
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The parameters a, £, (u,/U,)J/Re., (St,H/Sc)/Re, are the max-
imum facilitation factor, the dimensionless equilibrium constant,
the dimensionless velocity and similarity transformation parameter.
The terms (u,/U.,)+/Re, and (St,H/Sc)«/Re, are constants, which
is the necessary condition for the similarity transformation. It implies
that the ratio u‘.mw:COHSVJITQ and Stn,}USc=comUJ1{_ex or that
u,/U,, and St,H/Sc are inversely proportional to Jx [Hartnett and
Eckert, 1957]. The equilibrium facilitation factor can be in the form as

o

F.= -
1+ SC,

and the maximum value that F,,, can attain is equal to the value of c.

The mixing cup concentration is defined as

(20)

'[muxC ndy
C,=2— @n
L u,dy

and it is in the dimensionless form as
. [fCidn
-2
[fdn
0
Boundary condition (17) shows that the similarity transforma-
tion parameter for inert diffusion of the species A is augmented by
a factor (1+F,,) where the number one accounts for Fickian diffu-
sion of the solute and F,, accounts for carrier-facilitated diffusion.

The maximum facilitation factor, the dimensionless equilibrium con-
stant, dimensionless velocity and the similarity transformation param-
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eter are the important parameters that influence the mass transfer of
the solute from the fluid side of the flat-plate to the dialysate side.

To our knowledge, an analytical solution to Egs. (13)~(19) is not
available. For this case, the equations are solved numerically with
Gear'’s stiff algorithm.

RESULTS AND DISCUSSION

The behavior of mass transfer of solute from the fluid in a single-
plate mass transfer device through the reactive membrane is com-
plex due to the coupling nonlinear differential equations and asso-
ciated boundary conditions at different phases. The concentration
of solute and the equilibrium facilitation factor is influenced by the
maximum facilitation factor, the dimensionless equilibrium con-
stant, dimensionless velocity, and similarity transformation param-
eter at Damkdhler number equal to infinite.

Fig. 2 shows the effects of the maximum facilitation factor @ on
the dimensionless mixing cup concentration of solute versus dimen-
sionless similarity variable 7. The mixing cup concentration of sol-
ute increases with the dimensionless similarity variable 77 on the
surface of the membranes. The dimensionless mixing cup concen-
tration will approach a value of unity after the similarity variable 7
becomes large regardless of the value of the maximum facilitation
factor a. At 77=0, the larger the value « is, the lower the mixing cup
concentration will be, that is, near the membrane surface, large o
has strong facilitation effect.

Fig. 3 shows the effect of maximum facilitation factor ¢ on equi-
librium facilitation factor F,,, vs. dimensionless equilibrium constant
. The maximum facilitation factor determines the maximum di-
mensionless magnitude of rate of carrier-facilitated transport to pure
Fickean transport of species A. The parameter can be maximized
by a large carrier concentration and carrier diffusivity to make carrier
facilitation in the membrane dominant. When the maximum facili-
tation factor ¢ is small, the reaction effect in the membrane is small.
If ris increased, i.e., dissolving more carrier in the membrane, the
mass transfer of solute will be increased. The dimensionless equi-
librium constant gives a measure of the strength of a complexation

Fig. 2. The effect of the maximum facilitated factor on the mixing
cup concentration of A vs. the dimensionless similarity var-
iable (4=5.0, Sc=1.0, Vy'=—0.4, (St,.H/Sc)/Re,=1.0).

a=05
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Fig. 3. The effect of the maximum facilitation factor on the equi-
librium facilitation factor vs. the dimensionless equilibrium
constant (Sc=1.0, Vy'=—0.4, St H(Re,'"?)/Sc=1.0).
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Fig. 4. The effect of the maximum facilitation factor on the dimen-
sionless concentration of species A at fluid-membrane in-
terface vs. the dimensionless equilibrium constant (Sc=1.0,
Vy'=-0.4, St H(Re}?)/Sc=1.0).

reaction of the transport species with the carrier species. A higher
value of the dimensionless equilibrium constant means either a larger
value of equilibrium constant, equilibrium distribution coefficient,
or inlet concentration. The decrease in mass transfer of solute is due
to the saturation effect of the chemical reaction because of a large
solute concentration on the fluid side.

Fig. 4 shows the effect of maximum facilitation factor « on the
membrane-fluid interfacial concentration Cy, vs. dimensionless equil-
ibrium constant A The higher the value of ¢ the lower the mem-
brane-fluid interfacial concentration will be. The maximum facilita-
tion factor & represents the reaction in the membrane. When a=0,
no reaction takes place in the membrane. If ¢ is increased, the mass
transfer of solute will be increased by dissolving more carrier in
the membrane. The carrier can greatly facilitate the diffusion of the
solute from the interface. Then the interfacial concentration is de-
creased. When Sis large, the reaction is saturated and the effect on
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Fig. 5. The effect of the Schmidt number on the concentration of
species A at fluid-membrane interface vs. the maximum fa-
cilitation factor (£=5.0, Vy'=—04, (St,H/Sc) /Re, =1.0).

facilitation is small. The higher the concentration the more the re-
versible reaction shifts to the left and becomes saturated. When =0,
the equilibrium facilitation factor is maximum and the most efficient
separation occurs as shown in Fig. 3.

The effect of the Schmidt number, Sc, on the concentration of
species A at the fluid-membrane interface Cy is shown in Fig. 5.
The smaller the Sc is, the lower the C,, will be. C,, decreases as the
value of « increases, which means that the facilitation transfer in-
creases for the increase of the value of ¢, and the more mass trans-
fer effects are affected. It can be also found that the equilibrium fa-
cilitation factor increases with the maximum facilitation factor for
all the Schmidt numbers.

The effect of dimensionless equilibrium constant £ on the ratio
of the concentration boundary layer thickness to the momentum
boundary layer thickness d/6 vs. the maximum facilitation factor
o is given in Fig. 6. The effect of the dimensionless equilibrium
constant is opposite to that of the maximum facilitation factor. The

1.00

0.98 -

0.96 -

5,15

094 F

Fig. 6. The effect of the dimensionless equilibrium constant on the
ratio of concentration boundary layer thickness to the mo-
mentum boundary layer thickness vs. the maximum facili-
tation factor (Se=1.0, Vy'=-0.4, St, H(Re!?)/Sc=1.0).
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Fig. 7. The effect of Schmidt number on the ratio of concentra-
tion boundary layer thickness to the momentum boundary
layer thickness vs. the maximum facilitation factor (£=5.0,
Vy'=—0.4, (St H/Sc) /Re, =1.0).

dimensionless equilibrium constant gives a measure of the strength
of the complexation reaction of the transported species with carrier
species [Kim and Stroeve, 1988]. From Figs. 3 and 6, both F,,, and
/0 increase as the value of the maximum facilitation factor « in-
creases. This means the ratio of the concentration boundary layer
to the momentum boundary thickness is increased as the facilitated
transport proceeds. Fig. 3 also shows that when Sis equal zero, F,,
approaches the expected value as calculated by Eq. (20).

Fig. 7 shows the effect of Schmidt number on the ratio of con-
centration boundary layer thickness to the momentum boundary
layer thickness 6./6. From boundary layer theory [Schlichting and
Gersten, 2000], for Sc=1, the value §/d'is one, but in the figure it
is not one for the smaller value of the maximum facilitation factor
a, and it will approach the value one for « increasing. The main
reason is due to facilitation mass transfer: it is similar to the case
for increasing of the suction velocity, and the boundary layer of mo-

St,(Re,)”*H/Sc = 0.1
................. St (Re,)>*H/Sc=1.0
______ St,(Re,)*°*H/ Sc = 10.0
——— St,(Re,)*°*H/ Sc = 100.0

0.0 0.1 02 03 0.4 05
_Vy*
Fig. 8. The effect of the similarity transformation parameter on

the equilibrium facilitation factor vs. dimensionless veloc-
ity (a=5.0, =5.0, Sc=1.0).
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mentum transfer and mass transfer becomes very thin [Schlichting
and Gersten, 2000]; finally the value 6./ becomes one for the case
of a Schmidt number of one.

The effect of similarity transformation parameter St,H(Re,”)/Sc
on equilibrium facilitation factor F,, vs. dimensionless velocity -V,
is given in Fig, 8. The similarity transformation parameter is propor-
tional to the mass transfer. The St,H(Re!?)/Sc value means good
mass transfer in the membrane. The dimensionless velocity is given
as a measure of the suction velocity of the fluid. The parameter can be
used to adjust the permeable rate of fluid. The large —V, increases
the membrane-fluid interfacial concentration of the carrier-complex
species to make the facilitated transport decrease, but the effect is
not evident. When the —V; increased, the equilibrium facilitation
factor decreased slowly. The high similarity transformation param-
eter gives high equilibrium facilitation factor, although the effect of
— V] is not so obvious.

The effect of similarity transformation parameter St, H(Re,”)/Sc

0.6 — St (Re,
St.(Re,
St.(Re,
0.4 - — St.(Re,

°°H /Sc = 0.1
°*H/Sc=1.0
°*H / Sc = 10.0
°°H / Sc = 100.0
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Fig. 9. The effect of the similarity transformation parameter on
the dimensionless concentration of species A at fluid-mem-
brane interface vs. the dimensionless velocity (e=5.0, 5=5.0,

Sc=1.0).
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Fig. 10. The effect of the similarity transformation parameter on
the ratio of the concentration boundary layer thickness to
the momentum boundary layer thickness vs. the dimen-
sionless velocity (a=5.0, £=5.0, Sc=1.0).

on the membrane-fluid interfacial concentration Cj, vs. dimension-
less velocity —V; is shown in Fig. 9. The higher the value of -V,
the lower membrane-interfacial concentration will be, but the effect
is not evident as in the previous discussion. When the St,H(Re,”)/
Sc increases, the membrane-fluid interfacial concentration decreases
quickly to nearly a constant low value. The high similarity transfor-
mation parameter gives a low membrane-fluid interfacial concen-
tration; thus it results in the high equilibrium facilitation factor.

Fig. 10 shows the effect of similarity transformation parameter
St,H(Re,?)/Sc on the ratio of the concentration boundary layer thick-
ness to the momentum boundary layer thickness 6,/6 vs. dimen-
sionless velocity —V;. For a similarity transformation parameter less
than one, the higher the value of -V, is the lower the ratio of the
concentration boundary layer thickness to the momentum bound-
ary layer thickness will be. The ratio of the concentration boundary
layer thickness to the momentum boundary layer thickness is nearly
equal to one as the value of St,H(Re,”)/Sc greater than ten, because
a high St,H(Re.”)/Sc value means high permeability of the solute
materials.

CONCLUSION

The maximum facilitation factor, dimensionless equilibrium con-
stant, dimensionless velocity, and similarity transformation param-
eter can have a significant effect on the mass transfer of laminar
flow in single-membrane mass separation devices with Damkdohler
number equal to infinity. For a reactive membrane, the equilibrium
facilitation factor, interfacial concentration and the ratio of concen-
tration boundary layer thickness to momentum boundary layer thick-
ness are a function of maximum facilitation factor, dimensionless
equilibrium constant, dimensionless velocity, and similarity trans-
formation parameter. In general, increasing the maximum facilita-
tion factor and similarity transformation parameter will increase
the value of the equilibrium facilitation factor and the ratio of the
concentration boundary layer thickness to the momentum boundary
layer thickness, and decrease the interfacial concentration. How-
ever, the dimensionless equilibrium constant and the dimensionless
velocity have the reverse effect on the value of the equilibrium facili-
tation factor, interfacial concentration and the ratio of the concen-
tration boundary layer thickness to the momentum boundary layer
thickness.

NOMENCLATURE

C, :concentration of solute species A in zone 1 [mol m™’]
s :concentration of carrier species B [mol m™’]
. :dimensionless concentration of species A in Zone 1=
Ci/Cui
C, :inlet concentration of species A [mol m™]
C, :mixing cup concentration [mol m™]
C, :dimensionless mixing cup concentration=C,,/C,;
Cr :dimensionless concentration of species A at interface of
fluid-membrane [mol m~=C,,,, ,/C,/
C; :total concentration of carrier species in all forms (B and C)
[mol m™]
: diffusivity of A in fluid [m*s™]
. effective diffusivity of A in reactive membrane [m’s™']

Korean J. Chem. Eng.(Vol. 23, No. 3)
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s effective diffusivity of B in reactive membrane [m?s™']

: dimensionless stream function=(xU_x/p) "> v

: equilibrium facilitation factor

: equilibrium distribution coefficient of solute concentration
in the membrane to the concentration in the fluid

k,  :forward rate constant [m*’ mol™' s7']

k, :backward rate constant [s']

K,, :equilibrium constant for the chemical reaction=k,/k, [m’

= RN

mol™]
k, :membrane mass transfer coefficient=D,/L [m s™']
L  :thickness of membrane [m]

Re, :Reynolds number=pU, x/u

St,, : Stanton number of mass transfer=k /U,

Sc : Schmidt number=1/D,

u, :y-direction velocity on the membrane surface [m s™']
u, :x-direction velocity [m s™']

u, :y-direction velocity [ms™']
U, :inlet velocity [ms™']
Vy'  : dimensionless velocity=u,(Re,)"*/U,,
: coordinate
: coordinate

S

Greek Letters

: maximum facilitation factor=D,C.K,,/D;

: dimensionless equilibrium constant=K, HC

: momentum boundary layer thickness [m]

: concentration boundary layer thickness [m]

: dimensionless similarity variable=y(U /4 vx)"*
: viscosity of fluid [Pa s]

: kinematic viscosity=4/p [m*s™']

: density of fluid [kg m’]

: stream function [m®s™']

TV IR"RI U™
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